Introduction
The interest in causal analysis and its application in harmonic analysis and representation theory has been a fast growing subject during the last few years. In this contribution we will give a short overview over what is known about causal semisimple symmetric spaces, and then point out few of the open problems.
Let me provide some motivation by using the well known theory of the Laplace transform and the Hardy space theory. Let V be a Euclidean space, i.e., V = R n with the usual inner product (x j y) = x 1 y 1 + +x n y n . A subset C in V is called a cone if C is convex and R + C C. The closed cone C is called nontrivial if C 6 = ?C and regular if it is pointed (C \?C = f0g) and generating (C ?C = V).
The assumption that C is generating implies that := C o is non-empty. As C is also pointed it follows that C := fu 2 V j 8v 2 C : (u j v) 0g is regular. Assume from now on that V = R n , and let C be a regular cone in R n .
We can use C to introduce a partial ordering on R n by x y () y ? x 2 C The order intervals x; y] := fz 2 R n j x z yg are compact. This ordering is obviously translation invariant. If L GL(n; R) is a Lie group and C is L-invariant, i.e., g(C) C for all g 2 L, then the ordering is also L-invariant, i.e., x y ) g(x) g(y) for all g 2 L. Let G be the semi-direct product of R n and L, then this says, that the ordering is actually G-invariant.
Notice that the stabilizer of 0 is L and R n ' G=L, so we are still working with the The author was supported by NSF and LEQSF same manifold, but the group acting is di erent, which means that all invariant objects depend on the bigger group G. Let ? := f(x; y) 2 R n R n j x yg :
In the literature one sometimes nds this de ned by the opposite relation: y x, cf. 8]. Then ? is a closed subset of R 2n . A causal kernel or Volterra kernel on R n is a map K : R n R n ! C such that K = 0 outside ? and Kj? is continuous. The space V (R n ) of Volterra kernels on R n is thus isomorphic to C(?). The kernel K is G-invariant if K(g(x); g(y)) = K(x; y) for all x; y 2 R n , and g 2 G. In particular K(x+a; y +a) = K(x; y) = K(0; y ?x). Thus K corresponds to a unique function k 2 C(C) and by de nition k is L-invariant. We denote the space of invariant Volterra kernels by V ] (R n ). The multiplication of two kernels A and B is given A(x; z)B(z; y) dz :
To simplify some formulas we use here the measure (2 ) ?n=2 -times the usual invariant measure on R n . Then the Fourier inversion holds without any multiplicative constants. The multiplication of two invariant kernels is then just the usual The isometric extension to L 2 (R n ) is denoted by the same symbol. The inversion is then given by the transform: jf(
The classical Hardy space H 2 (C) is now be de ned by H 2 (C) := ff 2 O(T ) j kfk 2 < 1g : H 2 (C) is a Hilbert space and the boundary value map (f)(x) := lim S o 3s!0 s f(x) ; x 2 R n ; L 2 -limit; is an isometry into a translation invariant subspace of L 2 (R n ). We notice a few simple facts: 1) Let F 2 L 2 (C ) L 2 (R n ) and ! 2 C, y 2 C . Then jF(y)e i(x+i!jy) j = jF(y)e ?(!jy) j jF(y)j so in particular f ! (x) := F ?1 (F )(x + i!) exists and kf ! k L 2 kfk L 2 = kFk L 2 where f = F ?1 (F ). Let K be compact. Choose ! 0 2 such that K?! 0 . Let z = x + i! 2 R n + K. 
uniformly on compact subsets. So it follows in particular that the point evaluation Recall that if the cone is symmetric, then T is a symmetric space G=K, where G is a connected semisimple Lie group and K a maximal compact subgroup in G. Furthermore by using a natural Cayley transform we can realize T also as a bounded symmetric domain D. In this realization H 2 becomes a space of holomorphic functions on D having L 2 -boundary values on the Shilov-boundary K=L of D, where L is a certain symmetric subgroup of K.
In the following we will show how to generalize both of those above mentioned ideas to more general causal manifolds, and also point out some open problems in this eld. A simple example hereof is the Lorentzian manifold M = f(x; y; z) 2 R 3 j x 2 + y 2 ? z 2 = 1g ; i.e., the two-sheeted hyperboloid. The group SO o (2; 1) acts transitively on M. Hence the 2-fold covering group SL(2; R) acts also transitively on M. 
Then we can realize the above isomorphism by (x; y; z) 7 ! xT + yH + zZ :
The stabilizer of T is the subgroup H = h t = exp tT = cosh t sinh t sinh t cosh t t 2 R = SL(2; R) where is the involution g 7 ! TgT. In particular M = SL(2; R)=H is a semisimple symmetric space. The tangent space of M at T can be identi ed with the plane q generated by H and Z. The group H acts on the generating lines as well as their negatives are H-invariant. Obviously they are also regular. We can therefore de ne a causal structure on M by
where`g(m) = g m. We notice furthermore that the curve t 7 ! X (t) := e tX T is injective for X 2 C p , but t 7 ! X (t) is periodic for X 2 C o k . The causal structures are thus fundamentally di erent. The corresponding analysis should then also be di erent as we will see in the following sections. The causal manifolds that we will discuss are the semisimple symmetric spaces as they are the best understood up to now. For a short overview we refer to 9] and the second part of the book 16]. But let me underline that some work has been done in the general case, e.g. 13, 15, 20, 21, 22, 23] .
We start by discussing the structure theory of causal symmetric spaces, 16, 26] , see also 24, 25, 31] , but without going into the ner details as the behavior of the causal structure under coverings. We will always assume that all groups are contained in a simply connected complexi cation G C . We give an overview of the theory of spherical functions and the spherical Laplace transform as developed in 5, 8, 26 ]. We will not discuss the application of the Laplace transform, e.g., the generalization of the Volterra equation to causal symmetric spaces and hyperbolic di erential equations. For this we refer to J. Faraut's contribution in this volume.
We introduce the Hardy-space theory for compactly causal symmetric spaces 17, 28, 30]. We de ne the Cauchy-Szeg o kernel and the H-spherical character of the holomorphic discrete series and point out the connection to the spherical functions. Finally we list some problems that relate both of those two directions via analytic continuation.
We do not make the claim that our list of references is complete and in all cases historically correct. For more details we refere to 17, 16, 26] and the references therin. ). Then h is the Lie algebra of H and k is the Lie algebra of K. Finally we de ne q := g(?1; ) and p := g(?1; ). As and commute:
Causal Symmetric Spaces
For simplicity we will denote intersection with the corresponding subscript, i.e., 4) The following statements are equivalent:
i) M is compactly causal. ii) q H\K k 6 = f0g. iii) z(k) q 6 = f0g.
5) The following statements are equivalent:
Associated to a given symmetric space G=H are some dual symmetric spaces.
We will need two of them. 2) The cone C \ a is W 0 -invariant. Let p max := h a n + . Then p max is a maximal parabolic subalgebra of g. Let N := exp n , and A := exp a. Then P max = H a N + is the maximal parabolic subgroup of G corresponding to p max . Let n(0) = 2 + 0 g = n \ h a . Then p min = m a n, m = z k (a), is a minimal parabolic subalgebra in g. p min (0) = m a n(0) = p min \ h a is a minimal parabolic subalgebra of h a . We also have n = n + n(0) (semi-direct product). Let N = exp n, N(0) = exp n(0), P min = MAN, and P min (0) = MAN(0). Then P min is a minimal parabolic subgroup of G and P min (0) = H a \ P min is a minimal parabolic subgroup of H a . Notice that P min is -stable. We have the real ag manifold X = G=P max sitting inside the complex ag manifold X C = G C =P maxC as a real form. Let a h = P r j=1 RT j , and A h := exp a h . Then a h is maximal abelian in h p and H = (H \ K)A h (H \ K). By the above SL-calculation we get: Theorem 2.4. H N ? P max and H \ P max = H \ K. Let t := (t 1 ; : : : ; t r ), T(t) := P r j=1 t j T j , H(t) := P r j=1 (log cosh t j )H j , X + (t) := P r j=1 tanh t j X j , and X ? (t) := P r j=1 tanh t j X ?j . Then
exp T(t) = exp X ? (t) exp H(t) exp X + (t) :
De ne : n ? ! X by (X) = (exp X) P max . Then = ?1 (HP max ) n ? . By Lemma 2.4 we have for a = exp T(t) 2 A h that ?1 (aP max ) = X ? (t). Theorem 2.5. Let be the H-orbit through 0. Let 
Spherical Functions
The material in this section is from 26]. In particular we refer to that paper for normalization of the invariant measures on G and its subgroups. We will from now on assume that C = C max . Then C contains the positive Weyl chamber a + and C \ a = symmetric space we have a well known product formula of rank one c-functions for each positive root. This is known to be true for some ordered spaces, cf. 8, 7] , and some general considerations show that it should be true in general. To prove this is at the moment one of the most important problems in connection with harmonic analysis on ordered symmetric spaces.
2) Paley-Wiener Theorem: It is possible to compare the singularities of 7 ! ' (a) and the singularities of the c-functions using the Bernstein b-function.
The solution of (1) 
Hardy Spaces and the Character Formula
Most of the material in this section is taken from 17, 27, 28] . From now on we assume that M is compactly causal. Then M C := G C =G is a NCC-symmetric space. We can therefore apply the structure theory from the previous sections to this situation. Let C 2 Cone k := fC 2 Cone H j C o \ k 6 = ;g. Then C G , the cone generated by Ad(G)C, is a regular G-invariant cone in g such that ? (C G ) = C G , and C G \ q = pr q (C G ) = C. Here pr q denotes the orthogonal projection We have G P + K C P ? \ H C K C P + . For x in P + K C P ? respectively in H C K C P + de ne p (x) 2 P , k C (x) 2 K C , and k H (x) 2 H C \ K C nK C by x = p + (x)k C (x)p ? (x) respectively x 2 H C k H (x)P + :
Let g = (g C ; t C ) respectively = (g; a). We choose compatible orderings, i.e., if 2 + g , ja 6 = 0, then ja 2 + . We also choose the ordering such 2) The boundary value map : The problem is to determine the constant d( ), and relate it to the c-functions. Up to now, this is only known for the Cayley-type spaces by the work of M. Chadli, 4] . This would then give a character formula for the holomorphic discrete series.
Notice that this results actually shows that the character can be extended to (C o max ) in all cases. (A simple inspection of the integral de ning ' d shows that ' d extends to (C o max ).)
2) Determination of the Cauchy-Szeg o-kernel: We have k C = P .
After determining we would like to determine the sum. Again this is only known for special cases, e.g. 4, 29, 32] 3) Classical Hardy-spaces: Further problems in this direction would be to use the causal compacti cation of W. 
